The tunnel diode oscillator may operate as a soft oscillator, hard oscillator, or be truly bistable. The conditions for determining the type of operaton are given.
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The reciprocal of T min' fc' is sometimes called the cutoff frequency.
The usefulness of the above is limited for two reasons. First, there exist some tunnel diodes for which it is not possible to obtain a harmonic or near harmonic oscillation. Second, the above expression is derived from a linear analysis. Consequently, the nonlinear effects of a complete cycle of operation are not included.
The expression above for Tmin is found from an inspection of the real part of the input impedance of the tunnel diode for sinusoidal frequencies.
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a a A pure harmonic oscillation is by definition a single frequency sinusoid. The minimum period rather than the maximum frequency of oscillation is used in this paper to avoid ambiguity for nonharmonic (nonsinusoidal) waveforms. For the latter the frequency of oscillation may be defined as the reciprocal of the period of oscillation, i. e. , the frequency of the fundamental Fourier component of the waveform. For the circuit of Fig. 2b , where a capacitive or conductive-capacitive load is used, the nonlinear differential equation describing the circuit is of third order. In general, solutions for equations of third order orhigher,must be found for specific element values using numerical techniques. C is the diode junction capacitance and is assumed to be a constant.
L is the diode lead inductance.
s R is the diode series resistance. s R L is the externally added resistance.
LL is the externally added inductance.
It is convenient to use a suitable transformation of variables to obtain an i' .v' characteristic having a new origin which is in the negative conductance region as shown in Fig. 3b . The circuit model of the oscillator using the new variables is shown in Fig. 3a . Note that L = L L + L s and R = RL + R s . In the work to follow the primes are neglected for simplicity.
II. .METHODS OF SOLUTION
The nonlinear differential equation of the circuit in Fig. 3 is R f'(v)
Note that this equation differs from the Van der Pol oscillator equation.
The Van der Pol oscillator equation is of the form
In the second equation above, the usual cubic approximation is used for the nonlinear i-v characteristic. The minimum period of oscillation for a Van der Pol oscillator described by (Zb) is obtained for the harmonic mode. This can be shown by developing an expression for the period as a function of E for e small and E large and joining these -3-curves. 2,3,4 Although this result is true only for the cubic approximation 5 of i = f(v), leading to (Zb), it seems reasonable from the work of Haag and Stoker 6 to assume that the harmonic mode also produces the minimum period of oscillation for a piecewise linear approximation for i = f(v).
In contrast to the Van der Pol equation, note in (1) that both the v and terms contain coefficients that are functions of the dependent variable.
Hence, the conclusion concerning the minimum period of oscillation just drawn for the Van der Pol oscillator cannot be applied.
A number of methods are available for the solution of (1). For particular values or graphs of the circuit elements, graphical phase-plane analysis can be used to establish a limit cycle. The characteristic equations of the circuit in Fig. 3a during the active mode and decay modes are:
Active mode:
Decay mode:
Equations (3a) and ( 
Decay Mode:
(5b)
The possible loci of the natural frequencies in the complex frequency plane of both modes are plotted in Fig. 4 for typical values of Gan and Gdn as the parameter R is varied. 
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The general solution for the decay mode, (4b), is P c 2d
-6-It is to be emphasized that separate time origins are used for each mode.
The mode sequence for a complete period is chosen as follows:
Because of the symmetry of the complete solution, only the first two modes need be considered. The constants Cop C1, C and C 3 are unknown constants to be determined from the boundary or matching conditions of the problem.
These conditions are that voltage and its derivative are matched at the boundary of active and decay modes, and that the solutions be periodic. The constant C 4 in (7) is a known constant which can be found from examining the equivalent circuit.
= Gan Gdn for various values of Gan' Gdn, and R n . The normalized values chosen for G are -. 5, -1. 5, and -5. This choice was made to obtain the three an distinct loci of the natural frequencies in the active mode as shown in Fig. 5. A ratio of N = -Gd/Gan between I and" 6 satisfies the f(v) characteristics of commercially available tunnel diodes; therefore, the values of N used for this stu8y were chosen to be N = 1, 3, and 6.
A summary of the results for G an= -5 is presented in Table 1 and in the curves of Fig. 6 . The loci of the natural frequencies of the active and decay modes are also shown in Fig. 6 . It is to be noted that for this case, the natural frequencies of the active mode do not have a jw axis -7-crossover except at the origin. It is seen that the minimum period of oscillation occurs for R n = 0. A physical explanation for this is as follows. In the decay mode, for the chosen values of N, the natural frequencies are always real; therefore, v2(1rd) decays monotonically toward C4 . If sustained oscillations are to exist, C4 must be greater (more positive) than -1. This is evident from an examination of vZ(Td) shown in Figs. 7a and 7b. From (8) it can be seen that as R increases towards -1/Gan' C 4 decreases toward -i. Consequently, the time in the decay mode increases rapidly as R n approaches -I/Gan. In addition, the time in the active mode also increases. This is a result of the rapid decrease of v{ (0) = -v' (T 2 )'caused by the asymptotic approach of v 2 (Td) to -I, cf, the slope of curve a, Fig. 7 .
For R n greater than -1/Gan' C 4 is less than -1, and the circuit will never get out of the decay mode and back into the active mode, cf, curve b, Fig. 7 .
Hence, sustained oscillations are not obtained.
A summary of the results for Gan = -1. 5 is presented in Table 2 and in the curves of Fig. 8 . The loci of the natural frequencies of the active and decay modes are also shown in Fig. 8 . It can be seen that the minimum period of oscillation does not occur exactly for R = 0. However, the value n of Tmin is not much different from T for R n = 0. The factors influencing the shape of T vs R curve in this case are more complex than in the pren vious case. For a value of R n greater than 0. 5, the natural frequencies in the active mode are real, and the shape of the T vs R curve for this n range is explained by the same reasons as given above for Gan = -5. This is even true for N = 1 (Gdn = 1. 5) where the natural frequencies in the decay mode are complex. Fqr the latter, however, the natural frequencies lie near the 135 and 225 degree radials, and the decay mode solutions do not have large o'scillatory terms. The initial decrease of T'for R n increasing from zero is explained by the decrease of T Z' the decay time. This effect could be anticipated from the loci of the natural frequencies in the decay mode. For example, note that for N = 3 and 6, the natural frequency in the decay mode which is nearest the origin for R n = 0 steadily moves away from the origin as R n increases. This indicates a tendency for -2 The question can now be answered as to the effects of adding inductance in the load. In the above work, normalized values of parameters were used.
In particular,
As inductance is added, Gan becomes larger. From Table 3 it is seen that the normalized minimum period becomes larger as Gan increases.
The actual minimum period will, of course; be even larger after denormalizations. Consequently, the conclusion can be drawn that the minimum period is obtained when no load inductance is added and the load is a pure resistance of 4 certain value. Thus for any value of a, L, C, and R, providing a <JC-/L and c > 0 the expression for the period, T, as given by (9) should be quite accurate.
The first two terms of (9) are the most important, and it is shown below -11-2 that the contribution due to the E term is usually of the order of a few percent.
An examination of the first two terms of (9) reveals that dw < 0
0
Thus the minimum period of oscillation is not obtained for e = 0, i. e., the harmonic mode. In particular, it can be shown that considering only the first two terms of (9) the minimum period of oscillation occurs for R = 0.
To establish the effect of higher order terms of (9), evaluations of 2 the E term were made using a digital computer. For representative 22 cases the contribution from the e2 term was approximately 5 percent or less. Therefore, if the contribution from the e 2 term is included, the minimum period of oscillation occurs for R slightly greater than zero.
Since R = R s + RL, the minimum period of oscillation for E > 0 and a < N$C-T will occur for R L ; 0 (R = R s). Furthermore, an examination of each of the terms of (9) 
V..BISTABILITY AND HARD OSCILLATIONS
In section 3 it is stated that for the example of Gan = -5 oscillations 1 ceased when Rn was increased to. a value -. In general, as Rn is increased to a value greater than-I an at least one active an mode natural frequency moves into the LHP, and C 4 becomes less than -1. When the active mode natural frequencies are real and R n = -G 1 the circuit makes a transition from a soft oscillator to either a hard an oscillator or a bistable circuit. This is explained below.
The dc load line may intersect the i = f(v) characteristic at one or three points. For a single intersection as shown in Fig. 9 , it can be shown that both natural frequencies of the active mode are in the
right half plane and the circuit is ac unstable. Therefore, oscillations This is shown by putting the condition for one intersection of the dc load line .and the i = f(v) characteristic into (6) . From this, one can shQw that unless the natural frequencies of the active mode are real, with one in the LHP and the other in the RHP, there is only one intersection of the dc load line and the i = f(v) characteristic.
-lZ- Since a hard oscillator requires an excitation to start it oscillating, it is of interest to know just how much of an input must be supplied.
This can be accomplished by constructing a phase portrait in the phase plane. For hard oscillations, an unstable limit cycle is present.
This limit cycle is a locus of points such that if operation is started outside this locus, self sustained oscillations will occur. If the excitation is such that the initial point is inside this locus, the circuit will settle to one of its stable points. Limit cycles for a hard and soft oscillator are shown in Fig. 11 . The cubic approximation tends to spread the error more evenly on the left and the right, but it is difficult to say whether this leads to a better overaill approximation.
VI. EXPERIMENTAL RESULTS
Experimental
A closed curve, C, in the phase plane is called an unstable limit cycle if it is approached by trajectories, C; both from the inside and the out-"side for t = -co. *A quadratic term was added to the cubic approximation to give a closer approximation tothe yctual i-v characteristic. The assumed form then became i = -av' +v +yv 3 . 2 It was found, however, that by using the Lizidstedt method, the term Pv had no effect on the frequency to first order in F.
-14- Additional terms could be added to the polynomial to achieve a better fit to the actual i = f(v) characteristiC.
For such approximations, the Lindstedt method could still be used, bdt with correspondingly more effort. As mentioned above, the addition of a term Pv 2 to the cubic approximation had no effect on the frequency (period) to first order in E.
It has been seen that the agreement between the experimental and analytic curves of T versus R n is adequate considering the approximations involved in the piecewise linear and Lindstedt methods of solution.
The tunnel diode may operate as a soft oscillator, hard oscillator, or be truly bistable. The conditions for determining the type of operation are given.
As a final point, this study suggests a related problem. An interesting and practical problem is to determine the conditions for maximum output power at a given sinusoidal frequency or alternately to determine the condition for the minimum period of oscillation for a given fundamental power output.
-16- 
We assume that it has a periodic solution. Equation (A-i) is to be solved by the Lindstedt method for sufficiently small e. It is desired to find a periodic solution x(t), with a certain unknown period, T. A new independent variable is first introduced.
Zwt T t -T-(A-2)
The convergence of the Lindstedt method is a very difficult question. Although it is customary to assume convergence, Poincare has shown by an example that the series can diverge. The method of Lindutedt consists of determining the coefficients n in the subsequent stages of the recurrence procedure so as to eliminate terms with the fundamental period 2w. These terns, if left in, would lead to so-called secular terms, i. e., terms of the -form
These terms must be eliminated since one requires the series represent the solution for 0 < T < O.
The Lindotedt method is now applied to the tunnel-diode oscillator. It is necessary to put (A-9) into the form of (A-I). In particular, a parameter must be found for the expansions such that when this parameter equals zero, the solutions are that of a harmonic oscillator. The proper form of (A-1) is obtained using the following in (A-9).
The result is: 
P0( l
The general solution of (A-24) which also satisfies (A-6) is
Putting the previous results into (A-18), applying several trigonometric identities, and removing the secular term, one finds
The expressions just foundfor P0, Pl, and PZ' are now used to find w. 
